We propose an affine version of the Schwarz map for the hypergeometric differential equation, and study its image when the monodromy group is finite.
where u and v are linearly independent solutions of E (a, b, c) . Since the Schwarz map is defined by sch : X = C − {0, 1} ∋ x −→ z = u(x) : v(x) ∈ Z ( ∼ = P 1 = W −{(0, 0)}/C × ),
where P 1 is the complex projective line, our map asch can be considered to be an affine version of sch. Note that the monodromy of sch is the projectivization of that of asch (i.e. of the equation E(a, b, c)).
It seems that no one has ever studied the affine Schwarz map before. In this paper, we first give an expression of the image curve under asch when the monodromy group is finite and the inverse of the Schwarz map is single-valued; some other cases are also studied. A particular case, when the projective monodromy group is dihedral, yields an identity that the product of two hypergeometric series equals 1. We next generalize this and obtain identities, with two integer parameters, that the product of two hypergeometric series are polynomials. Finally we discuss briefly the image curve when the projective monodromy group is a Fuchsian group.
When the inverse of the Schwarz map is singlevalued
When the monodromy group of the equation E(a, b, c) is finite, the image under asch should be an irreducible algebraic curve C in W . We want to give a defining equation of C, and an expression of the inverse map of asch : X → C ⊂ W . Let G ⊂ GL(2, C) be the monodromy group with respect to the pair (u, v) ; the projectivizationḠ ⊂ P GL(2, C) of G is the monodromy group with respect to the ratio u : v. When the group G is of finite order,Ḡ is isomorphic to one of the polyhedral groups. If a polynomial P , homogeneous in two variables (u, v) , is a semi-invariant of G, i.e.
P ((u, v) 
then the function f (x) = P (u(x), v(x)) on X is the product of a rational function and fractional powers of x and 1 − x:
f (x) = (a rational function in x) · x * · (1 − x) * , since any 1-dimensional representation of the fundamental group π 1 (X) of X can be realized by the product of powers of x and 1 − x, and since the singularities of the equation E are regular. When the inverse of the Schwarz map is single-valued, we give three identities of the form P (u(x), v(x)) = f (x), from which the equation of the image C and the inverse of asch can be readily derived. Moreover, from each group of Schwarz's list, we choose a simple one, and do the same.
Throughout this paper, we make use of the Kummer solutions u = u(x) = F (a, b, c; x), v = v(x) = x 1−c F (a − c + 1, b − c + 1, 2 − c; x)
around the origin, where
Preliminaries and notation
If the parameters (a, b, c) are real, the image of the upper part X + = {x ∈ X | ℑx ≥ 0} of X under sch of the Schwarz map of the equation E(a, b, c) is a triangle with angles |µ 0 |π, |µ 1 |π, |µ ∞ |π, where
at the vertices sch(0), sch(1), and sch(∞), respectively. Thus the sch has a single-valued inverse only when
If the monodromy group is finite, then 1/k 0 + 1/k 1 + 1/k ∞ > 1 must hold; this implies
in which case, the projective monodromy groupḠ is isomorphic to the dihedral, tetrahedral, octahedral, and icosahedral group, of order N = 2n, 12, 24, 60, 2
respectively. In each case, the degrees of the basic invariants {P 0 , P 1 , P ∞ } are {2, n, n}, {4, 4, 6}, {6, 8, 12}, {12, 20, 30}, respectively. Since order of the k's does matter, we name the triples
For a triple [k 0 , k 1 , k ∞ ], there are four triples (a, b, c), up to the exchange of a and b (change of the sign of µ ∞ ):
Theorem
Theorem 2.1 Take a triple of real parameters (a, b, c) satisfying 
of the hypergeometric differential equation E(a, b, c) satisfy the identities
where each P j is a homogeneous polynomial (given in the next subsection) in (u, v) of degree N/k j (N is the order of the polyhedral group), and the functions f j = f j (x) are given as follows:
Sketch of Proof:
Once the theorem is formulated, we have only to substitute u and v the power series solutions above in the polynomial P j (u, v), and to substitute the power function (1 − x) * in the function f j its binomial expansion, and then to identify the coefficients. 
Proof: For each case, from the expressions in the theorem, it is obvious that the image curve C satisfies the equation. We show that it is irreducible. The monodromy group G of asch is a cyclic extension of the monodromy groupḠ of sch:
is the sheet number of the covering C ∋ (u, v) → u : v ∈ Z. This implies that the defining equation F of C can be written in the form F = P − Q, where P and Q are homogeneous in (u, v) such that the degrees of the two polynomilas satisfy deg P − deg Q = d. Note that the equation posed in the Corollary is in this form with the degree-difference N/k ∞ . On the other hand, since one of the local exponents at x = 0 and x = 1 is 0, the sheet number d is determined only by the exponents {a, b} at ∞ as d = N|a − b|. Thus we can conclude that the equation posed is just the defining equation F , which is irreducible.
Remark 2.3 As polynomials in (u, v), we have
Remark 2.4 The result for case (i) yields the remaining cases; they are obtained by the use of the Kummer solutions around x = 1 and the linear relation connecting these and the Kummer solutions (u(x), v(x)) around x = 0.
Then the Kummer solutions around x = 0 are
and those at x = 1 are
note that the change of the sign of µ exchanges the rows.
and C ′ are defined using these parameters. Then we have
and so
Thus we have
We have
Note the order of v ′ and u
It is a composition of the above two.
Polynomials P j and the explicit relations
We tabulate, for each [k 0 , k 1 , k ∞ ], the polynomials P 0 , P 1 , P ∞ , and for the four possible parameter values (a, b, c), the explicit form of the relations. Notational convention:
Note that in the third and forth cases,
• T 2 = [3, 2, 3] 
, − 1 24
• O3 = [3, 2, 4] 
For the following cases, consult [Kob] :
Some other cases
From the Schwarz' list of the parameters (mod 1) of the hypergeometric equation with finite monodromy group, we pick up some of them. Note that in the identity of the form
the rational function is not necessarily 1 any more.
• T 4 = 3, 3,
, 3
, 3, 3
• O7 = 4, 4, , − 1 12 
• I7 = 3, 3, 
• I8 = 5, 5, 
For the following cases, consult [Kob] : ), the Kummer solutions (u, v) around x = 0 satisfy the relation u 2 + 1 n 2 v 2 = 1. In terms of the Kummer solutions
around x = ∞, this relation reads (via the relation connecting the two pairs of Kummer solutions)
which happens to hold also for non-integral n; we write 1 n = α. Making the same computation for the integer-shifted parameters (a, b, c) = α 2 − p, − α 2 − q, 1 2 − r , p, q, r ∈ Z, we get the product z −p−q F α 2 −p, α+1 2 −p+r, α−p+q+1; z F − α 2 −q, 1−α 2 −q+r, 1−α+p−q; z of the two Kummer solutions around x = ∞, which should be a rational function in z, since any integer-shift does not affect the monodromy behavior. Replacing α by α + p + q, we see that only two integer-parameters are effective. We set
and define the rational function (we write x in place of z) f s,t (x) := F α 2 − s, α + 1 2 − t, α + 1; x F − α 2 − s, −α + 1 2 − t, −α + 1; x .
In this section, we find an explicit expression of f s,t (x). 
